We formulate evaporation phenomena in a generic model of generalized teleparallel gravity in Weitzenbock spacetime with diagonal and non-diagonal tetrads basis. We also perform the perturbation analysis around the constant torsion scalar solution named Nariai spacetime which is an exact solution of field equations as the limiting case of the Schwarzschild-de Sitter and in the limit where two back hole and their cosmological horizons coincide. By a carefully analysis of the horizon perturbation equation, we show that (anti)evaporation can not happen if we use a diagonal tetrad basis.
used to calculate the heat capacity and a full consistent description of stability conditions and also the mechanism of phase transition from stable to unstable cases in the presence of the charges [1] . Radiation of the black hole as a black body system has the same spectrum as the Planck prediction for photons and can be verified widely with different methods. This radiation evaporates the surface of black hole with a thermal spectrum exactly the same as the Planck black body prediction. The key object here is to label surface gravity by temperature. But if this black hole is located in a de-Sitter or Anti-de Sitter background, it means that it was a black hole in cosmology, then it can be shown that both evaporation and anti evaporation can happen if the black hole is slightly perturbed from the background. The essence of evaporation or anti evaporation depends on how the radius of horizon evolves during the perturbation.
In Einstein gravity it is a well known result and it has been proved by analytical method in s-wave approximation of a single mode perturbation [2] and numerically by including higher modes.
In modified gravity (see for a review [3] - [6] ), it seems that for some kinds of f (R) gravity models as the very popular modification of Einstein gravity, such anti evaporation happens [7] . The first step is how to model the spacetime of Schwarzschild-de Sitter (SdS) in a limiting case in which the final state is a black hole with one horizon (degenerated) and in thermal equilibrium to use the equilibrium thermodynamics.
The solution of Einstein equation in the limiting case of SdS is proposed by Nariai [8] . This solution which we propose to investigate in details in next sections, is a vacuum inhomogeneous solution of Einstein field equations in the presence of a cosmological constant. It has different representations in static and non static patches. So, the perturbation on this spacetime can be done in two patches.
As an alternative to Einstein gravity and in spite of f (R) gravity, a generalized theory (gauge theory)
is recently proposed for gravity on Weitzenbock spacetime in which the field equations are second order and are well defined by a suitable choice of tetrad basis [9] - [42] . Our aim in this paper is to study the (anti)evaporation effect in f (T ) gravity by studying the perturbation of metric around a Nariai spacetime.
The paper is presented as follows: In section 2 the foundations of f (T ) gravity has been reviewed.
In section 3, we derived the field equation for a Nariai's like non static inhomogeneous spacetime in Weitzenboch approach to gravity. In section 4, we perform the perturbation analysis around the Nariai solution and find the horizon perturbation function. In section 5 we apply a non-diagonal tetrads basis and compute the first order perturbations. We summarize and conclude in the final section.
The generality on f (T ) theory
We start by the basis of the generalized teleparallel gravity, named f (T ) theory. The line element in a general spacetime is defined as,
manifold where we write the line element as 
The torsion tensor is defined as
and the associated contorsion as
We also define a tensor S µν α from the torsion and contorsion as
By using (5)- (7), we define the scalar torsion as
Let us write the action as [9] ,
where the units G = c = 1 are used and Φ denotes matter fields. By assuming the action (9) as a functional of the tetrad field e i µ and matter field Φ, and vanishing its variation with respect to e i ν , one gets the following field equation [9] ,
where T ν µ denotes the energy momentum tensor, with f T = df (T )/dT and
Note that the spacial choice f (T ) = a 1 T + a 0 leads to the teleparallel equivalence of general relativity (TEGR) with a cosmological constant. In this paper we leave this trivial case and propose to search and work with the case where f T T = 0.
In this section we investigate the dynamic of the whole universe by assuming that a Nariai spacetime exists for a non trivial TEGR case. One form of Nariai spacetime is described by the following ansatz of metric [7] ,
Here dΩ 2 is the metric of a unit sphere. The corresponding tetrad reads
According to this metric, the non-null components of the torsion tensor read
while whose of the contorsion are
and the non-null components of the tensor S 
(B
The dot denotes the derivative with respect to time while the prime denotes the derivative with respect to the spacial coordinate y.
Making use of the above non-components, the torsion scalar can be calculated getting
We can now write down the vacuum field equations as follows
Here, we see that constraints are imposed to both the torsion scalar and the algebraic function f through its derivatives. However, one can carefully analyse the field equations in order to get solutions different from the TEGR one. In this paper we will work with constant torsion solutions in which T = T 0 , for which the last two equations are satisfied identically for a generic form of f (T ). Also, we assume that
Another option is to work with a non-diagonal tetrads as we will see later.
Nariai solution in f (T )-gravity
Nariai spacetime is proposed firstly as a static, inhomogeneous spherically symmetric with cosmological constant solution of Einstein equation [8] . It is considered as the extremal limit of the SdS space time where the cosmological horizon and the black hole horizon coincides. Here we make a little review on the basic properties of the SdS solution. The generic form of a static spherically symmetric solution in diagonal form reads
where e ν(r) for SdS is,
Here, M is an integration constant which can be interpreted as the mass of spacetime, and Λ is the famous cosmological constant. This solution represents a constant curvature solution. As we know, different f (T ) theories models posses such kind of solution [20] . In f (T ) gravity the solution satisfies the analogue condition as T = T 0 , where if we put it in the field equations we obtain the following constraint on the form of f (T ),
which is a consequence of Eq. (10) in the case of Weitzenbock's space. We return to SdS solution given by (25) . If we solve the cubic equation e ν(r) = 0, for 0 < 9M 2 Λ < 1, we obtain two positive roots r h and r c , which matches two black hole and cosmological horizons. Using these parameters, the metric function of SdS can be written in the following form,
In the case of massless black hole when M → 0, we again obtain the static de-Sitter spacetime. The extremal case happens when the black hole horizon becomes more close to the cosmological horizon . In this case, the radial coordinate r is degenerated and is useless for us. To have a physically acceptable radial coordinate which works only in the extremal limit we must introduce another radial coordinates. After an appropriate coordinate transformation by going to the extremal limit, we introduce a dimensionless small parameter η such that 9M 2 Λ = 1 − 3η 2 where η ∈ (0, 1]. The Nariai cosmological metric is characterized by η → 0. The metric is SdS spacetime in the maximal case. The horizon's topology is S 1 × S 2 . This is a very interesting point that, this kind of topology is the same as the topology of a black ring, as the vacuum stationary exact solution of Einstein gravity in five dimension [43] . It describes the geometry of an embedded metric for two co-center spheres with the same radius. In this representation of Nariai solution, the location of singularity is hidden under this kind of transformation and another important point is that the metric is now free of singularity everywhere.
In this paper we will deal with the cosmological patch of Nariai metric. In these global coordinates the Nariai spacetime finalizes as [44] ,
where
Here time is a bounded parameter in a strip 0 < τ < π/2 maps to 0 < t < +∞. It is easy to check that (28) solves the system of equations (17) under the constraint (26) . In fact, by substituting (28) in (17) we obtain the constant torsion condition (26) . Therefore, as an unperturbed solution, (28) is an exact solution of f (T ) gravity under the constraint (26). We will perform perturbation around (28) in the system (17) .
Perturbations of the Nariai space-time (28) could be written in terms of δA(τ, x) and δB(τ, x),
Then, we find
Let us assume that our f (T ) gravity theory possesses the Nariai solution for T = T 0 , such that condition (26) is satisfied. At the first order, the perturbed equations from (17) read:
Here α =
f ′ (T0) and in order to avoid TEGR, we suppose f T = 0. The fourth equation of the above system can be integrated, giving
Here θ denotes the initial angle of perturbations. So, we have,
where for a black hole located at y = y h , the horizon is defined as
Setting Λ = 1, one gets
As we mention above, (anti)evaporation related to (decreasing) increasing values of δB(τ ). Using (38) , and since the location of the horizon of the black hole in f (T ) is
we have
Using (75) in (40) we find
The radius of black hole horizon in f (T ) (it is defined as the general relativity case by (∇δB) 2 = 0) is frozen and never diverge. It means the black hole never evaporates or anti-evaporates. It implies that the final stage of the black hole using diagonal tetrads basis in this formation process is the same as the initial radius and this result does not dependent on the form of the f (T ) model. It indicates the absence of the evaporation in f (T ) scenario of gravity if we apply the formalism to the diagonal teterds. To conclude the more general statement which be independence of the form of tetrads, and because the form of the theory here is not Lorentz invariant we need to perform the analysis with non-diagonal tetrads. In this case by performing an appropriate boost transformation on the diagonal tetrad basis we can obtain a new tetrads basis in which now f T T = 0. It avoids to obtain the TEGR. Although our analysis in this work is based on constant torsion systems, the next section is devoted to the analysis of the evaporation phenomena in the non-diagonal tetrads basis.
Non-diagonal tetrad solutions
In this section we undertake a non-diagonal type of tetrad. This choice of tetrad is essentially due to the fact that the diagonal tetrad usually leads to a constraint on the algebraic where generally the algebraic function is reduced to that of TEGR theory. In this section, we try to solve this problem by considering a type of non-diagonal tetrad. To do so, let us consider the following non-diagonal tetrad 
Thereby, the torsion tensor components can be calculated giving
while those of the contorsion tensor reads
and the corresponding tensor S 
Therefore, the torsion scalar can be computed giving
Consequently, the field equations are
First note that in the case of the unperturbed background of Nariai spacetime in which B = log( √ Λ), A = − log( √ Λ cos τ ) we find that the scalar torsion given by (48) is
Therefore, we see that there exists a constant torsion. In the next step, we show that Nariai solution satisfies the "new" non-diagonal field equations. If we put T = T 0 +δT (τ, y), B = log( √ Λ)+δB(τ, y), A = − log( √ Λ cos τ ) + δA(τ, y) in the above field equations we observe that the field equations in the nondiagonal formalism is satisfied if the "generic" function of generalized teleparallel gravity ,"f(T)" satisfies the following constraint equation identically:
The last constraint is completely different from the correspondence constraint in the case of diagonal tetrads which has been investigated in details in the previous sections. Here the constraint is just a simple algebraic equation related to the value of f (T 0 ) and "not" to it's derivative f ′ (T 0 ). For example,
here it is easy to show that Nariai solution exists for f (T )
Now we derive the perturbation equations of the system around T = T 0 , B = log(
up to the first order perturbation of fields. The perturbed system reads:
In addition, the perturbation of the scalar torsion from (48) reads
Because f ′ (T 0 ) = 0, from (58), we obtain
By plugging (62) in (57) we find:
The integration of (62) gives us :
Note that (64) defines the horizon as given by (40) if we have two unknown functions {c 1 (y), c 2 (τ )}. This set of functions must satisfy also the remaining equations (56,59,61).
Now we solve (65,59). The full system has the boost symmetry along the killing vector ∂ x so, it is natural that the metric perturbations δA, δB has a Fourier series for x ∈ S 1 as the following [2] :
By comparison with (64) we find that:
Note that here these two representations are the same just by a simple redefinition γ
In the next following analysis because we restrict ourselves to the first mode n = 1 so we will write γ ≡ γ 1 , θ n = θ.
To determine uniquely the dynamics of horizon, we need to specify the form of α ′ 0 (τ ). Through the field equations (65,59),{α ′ 0 (τ ), α n (τ ), β n (τ )} coupled stiff non linear. We restrict ourself only to the first mode n = 1 in which the horizon can be determined analytically. This mode physically is the most alive mode in the system with longest value of wavelength. So, investigation of this first mode is very important and physically viable. The system of differential equations for {α ′ 0 (τ ), α n (τ ), β n (τ )} is the following (we set Λ = 1):
The system is completely integrable in the case of first mode n = 1. For higher modes we must use superposition of large number of modes. It needs numerical simulation. We will not perform this case in this paper. We would like to know what will happen in the first mode. The case of a single mode n > 1 is also interesting. The qualitative behaviour is the same as in the case of the first mode. Therefore, we limit ourselves only to the first mode. The exact solution for α ′ 0 (τ ) is:
1+2 cos 2 τ 4 cos 4 τ .
Here B 0 ∈ R is an arbitrary constants. The first is amplitude of the purely time dependent part of the horizon perturbation and γ denotes the amplitude of the inhomogeneous part of the perturbation. Hence, in first mode "horizon" perturbation is: Using (73), the location of horizon from (39) reads :
This equation gives us the full history of horizon evolutionary scheme in this model under first order small perturbations for long wavelength mode.
We plot the time evolution of the location of the horizon y h in the FIG.1 . It shows that the horizon position in the case of the γ > 0 starts from zero and tends to the unit. If we change the sign of the parameter γ the behaviour is symmetrically reversed.
Thus, we have:
We have to see that (75) is increasing(anti evaporating) or decreasing (evaporation); specially we must show that it is divergence when τ → Because in comparison of GR and other modified gravities [44] both phenomena must happen in a same background, depending on the parameters and initial perturbation data, now, in a non-diagonal case we found the same phenomena. So, from the dynamical point of view, also we prefer the nondiagonal tetrads because the physical phenomena is reasonable and physically acceptable. We must have both behaviours for a typical model of black hole in this torsion based model. Absence of evaporation means we must change our tetrads formalism from diagonal to non-diagonal, as we did here. So, these calculations complete our arguments about the evaporation in f (T ).
Moreover, we mention that the choice of a set of non-diagonal tetrads is quick consistent with the dependence of the referential under consideration [45, 46] and a freedom in the choice of the algebraic function f (T ), where f T T = 0 for a non-constant torsion scalar. It is also important to note that for a non-constant torsion scalar, Eqs. (21)- (22) Further, we mention that the tetrad chosen in this paper is a good. This kind of work in order to find good tetrads (the non-diagonal ones) has been performed in [47] , but within Friedmann-Robertson-walker universe, showing the importance of using such tetrads.
In brief, we investigated the existence of evaporation in the f (T ) gravity using two different kinds of tetrad, the usual diagonal and also the non-diagonal one. By starting from a diagonal tetrads, in spite of the Einstein gravity and another modified gravities based on curvature, when you are working in a Weitzenbock spacetime, with torsion, we explicitly showed that (anti)evaporation never happen. The absence of evaporation is an universal property of f (T ) gravity and it is independent from the generic form of f (T ) models. But in f (R) gravity you can have both evaporation/anti-evaporation for viable models.
This result implies that a typical black hole in any generic form of generalized teleparallel gravity is frozen in it's initial state if we use the diagonal tetrads. But the story is completely different if we use the non-diagonal tetrads. With the non-diagonal tetrads, we have both the (anti)evaporation dependence on the parameters of the f (T ) model and also the initial horizon perturbation phase. Moreover, our results show the importance of using non-diagonal tetrads where we note that Eqs. (21)- (22) yield a null second derivative of the algebraic function f (T ), i.e., f T T = 0, while from Eqs. (49)-(50) one has a freedom on the choice of the algebraic function f (T ) where in general f T T is different from zero. All this interesting result comes from the fact that in this paper we have made a good choice of the non-diagonal tetrad. We conclude that it is important to look for suitable choice of non-diagonal tetrads as performed in [47] in order to scape from a constrained expression for the algebraic function f (T ).
